Multiple solutions for a class of superquadratic elliptic systems near resonance with high eigenvalues are obtained by using the nabla theorem due to Marino and Saccon in (Topol. Methods Nonlinear Anal. 17:213-237, 2001) and the linking theorem.
Introduction and main results
Consider the existence of weak solutions for the following elliptic system:
where ⊂ R N (N ≥ ) is a bounded, connected open domain and a, b are real numbers.
The nonlinearity F ∈ C(¯ × R  , R) has continuous derivatives F s (x, s, t), F t (x, s, t) with respect to s and t for any x ∈ and satisfies the following superquadratic condition:
F(x, s, t) |s|  + |t|  → +∞ as |s| + |t| → ∞ uniformly in x ∈ . The spectrum of -in H   ( ) is at most a countable set, which we denote by
where each λ k is an isolated eigenvalue of finite multiplicity of m k , with ϕ k (k = , , . . .) the corresponding eigenfunctions, which will be taken orthogonal and normalized with ϕ k = . It is well known that λ  is simple and isolated and ϕ  may be taken positive on . Define B : H × H → R as follows:
As in [], we define an orthogonal basis for H which diagonalizes B. It follows from []
that there exist two sequences of eigenvalues for the following eigenvalue problem:
that is,
with the corresponding normalized eigenfunctions
Moreover, {μ ±i } and {ψ ±i } have the following simple properties:
Multiplicity of nontrivial solutions for elliptic equations or elliptic systems near resonance was considered by many authors (see [-] and the references therein). For the following two point boundary value problem
if f is bounded and satisfies a sign condition, Mawhin and Schmitt [] obtained the existence of at least three nontrivial solutions under the condition that the parameter λ is sufficiently close to λ  from left by using Ekeland's variational principle and the mountain pass theorem, where λ  is the first eigenvalue of the corresponding linear problem. For the semilinear elliptic equation 
The ∇-theorem was widely applied to consider the multiplicity of nontrivial solutions for several other equations (see [-] ). In [] , by using the notion of limit relative category, Marino and Saccon developed a 'limit' version of the ∇-theorems and found multiple solutions for some noncooperative elliptic systems where the nonlinearity satisfies the global (AR) condition. In this paper, influenced by [] and [], we consider the existence of multiple solutions for problem () near resonance at the higher eigenvalue, where F(x, s, t) satisfies the superquadratic condition (). Now we state some other conditions on F(x, s, t).
(F) There are c  > ,  < r < (N + )/(N -) such that
and
The main results of the paper are the following theorems. 
has at least three nontrivial solutions.
Theorem  Assume that () and (F), (F), (F), (F)
hold. Let λ k be an eigenvalue ofand λ l be the first eigenvalue above a
, then problem () has at least three nontrivial solutions.
Proofs of theorems
In this section, we first recall two compactness conditions, i.e., the (PS) * c condition, which was introduced by Li 
{u α n } has a subsequence which converges to a critical point of I, where
Let E be a real Hilbert space with
of finite dimension closed subspaces of E such that E  ⊂ E n , E n ⊂ E n+ , and let n∈N E n be dense in E. Let X be a closed subspace of E and P X denote the orthogonal projection onto X, and for any
Definition  (see [] ) Let X be a closed subspace of E such that P X P E n = P E n P X for all n, and let c be a real number. The functional I ∈ C  (E, R) satisfies the condition ∇ * (X, c) with
The condition ∇ * (X, c) implies that there are no critical points u in X with I(u) = c, with some uniformity. Moreover, the condition ∇ * (X, c) is equivalent to the following conditions:
Theorem  (see [] ) Let E be a Hilbert space and E i , i = , , , be three subspaces of E such
where R >  and  ≤ R < ρ < R . Especially, if R = , we have
Assume that
Define the functional J : H → R as follows:
From the subcritical growth condition (F), it is easy to verify that J ∈ C  (H, R) and
It is well known that finding weak solutions of problem () is equivalent to finding critical points of the functional J in H. Since Theorem  is similar to Theorem , we will be devoted to the proof of Theorem . 
Now, define
Lemma  Assume that (), (F) and (F) hold. For any real number c, the functional J satisfies the (Ce) * c condition.
Let {α n } be admissible and
From (F) and the continuity of F, there exists a constant M  such that
for any (x, s, t) ∈ × R  . Hence, one gets
where | | denotes the Lebesgue measure of the set . From () and the above inequality, there is a positive constant c  such that
and note that
We first consider the case N N+ r < β, by Hölder's inequality, (F), () and (), we have
Similarly, we obtain
where c  is a positive constant. Hence, it follows from the above two inequalities that
For the case
By Hölder's inequality, (F), () and (), we have
where c  is a positive constant. Therefore, from the above two inequalities, one has
Dividing () (or ()) by u α n  + v α n  , it follows from () that
From () and (), we have the following contradiction:
as n → ∞. Hence, {(u α n , v α n )} must be bounded. It follows that there is a subsequence of {(u α n , v α n )}, still denoted by {(u α n , v α n )}, and
) for a.e. x ∈ . Therefore, from (), we have
Recalling the boundedness of {(u α n , v α n )}, Hölder's inequality and (F), we obtain
Similarly, we have
From (), (), (), () and (), it follows that
From () and (), we get
Lemma  Assume that (), (F) and (F) hold. For any real number c and any sequence
Proof We first claim that {(u n , v n )} is bounded in H. Arguing by contradiction, we sup-
Hence there is a subsequence of {(ũ n ,ṽ n )}, still denoted by {(ũ n ,ṽ n )}, and (ũ,ṽ) ∈ H such that (ũ n ,ṽ n ) (ũ,ṽ) weakly in H,
Dividing the above expression by (u n , v n ) β , it follows from () that
which implies that (ũ,ṽ) = (, ), that is, (ũ n ,ṽ n ) (, ) weakly in H. Similar to the proof of Lemma , we can obtain that (ũ n ,ṽ n ) → (, ) strongly in H, which is a contradiction to ũ n  + ṽ n  = . Hence {(u n , v n )} is bounded. As was already noted in the proof of Lemma , the same proof implies that (u n , v n ) converges in H.
Lemma  If (F), (F) and (F) hold, then there is ε >  such that J has no critical point
Proof We first claim that (, ) is an isolated critical point for J. Actually, from (F) and (F), for any ε > , there is M  = M  (ε) >  such that
hence, we have
which together with Lemma  and () implies that for any (u, v) ∈ H + ,
and for any (u, v) ∈ H -, 
we obtain
from (F), it follows that (u, v) = (, ). Now we will finish the argument by contradiction. If there is a sequence {(u n , v n )} such that J (u n , v n ) = , J(u n , v n ) =  for any n and J(u n , v n ) →  as n → ∞. Similar to the proof of Lemma , we have that (u n , v n ) converges to a critical point (u, v) with J(u, v) = , which implies that (u n , v n ) → (, ) as n → ∞, but (, ) is an isolated critical point for J. Hence we obtain a contradiction.
Next, we will prove that the functional J satisfies the geometry of Theorem . We introduce some notations for the later convenience. For R, ρ > , let
Lemma  Suppose that (), (F), (F), (F) and (F) are satisfied. For any a
Proof From (), Lemma  and (F), for any (u, v) ∈ H -, we have
In view of () and the continuity of F, for any c  > , there is M  >  such that
which implies that
which together with () implies that for any (u,
Let c  > λ k -(a + b), the above expression implies that
From (), () and (), there are two constants R > ρ >  such that
Lemma  If (F) holds, then for R >  in Lemma  and for any ε > , there exists ε  >  such that for any a
Let ε  = λ k ε /R  , it is easy to see that the conclusion holds.
Proof of Theorem  The argument is finished by two steps. (a) There are two critical points (u  , v  ) and (u  , v  ) of the functional J, which satisfy For any (u, v) = (u -, v -) + (rϕ k , rϕ k ), r ≥ , from (), we get
Picking c  > λ k μ k , it follows from (), () and r +  >  that there exists R  > ρ  >  such that sup J(∂B R  ) < inf J(S ρ  ).
Let {H n } be a sequence of subspaces of H, which is defined as before, then (ϕ k , ϕ k ) ∈ H n for all n, we can prove that for any n,
Similar to the proof of Lemma , the functional J| H n satisfies the (Ce) c condition for any c ∈ R. Hence, by linking argument, there exists a critical point (u n , v n ) of J| H n with
From Lemma , there is a subsequence of {(u n , v n )}, also denoted by {(u n , v n )}, and (u, v) ∈ H such that (u n , v n ) → (u, v) as n → ∞, which implies that (u, v) is a critical point for J with inf J(S ρ  ) ≤ J(u, v) ≤ sup J(B R  ).
